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Two interpenetrating point lattices contain under certain conditions a common sublattice, i.e. a
‘coincidence-site lattice’ (CSL). The present study is restricted to cubic lattices [primitive cubic (p.c.),
f.c.c. and b.c.c.]. It is shown that it is necessary for the existence of a CSL that the two lattices are re-
lated by a rotation R represented by a rational matrix in the cubic coordinate system of one of the
lattices. It is further shown that the common denominator N in R is equal to the ratio X of the unit
volume of the CSL referred to the unit volume of the crystal lattice. The ‘complete pattern-shift lattice’
(DSCL) is defined as the coarsest lattice which, in CSL orientation, contains both crystal lattices as
sublattices. Further it is proved that the volume of the DSCL unit referred to the crystal unit is 1 /Z and
that for the p.c. structure the CSL and the DSCL are reciprocal lattices. For both f.c.c. and b.c.c. the
CSL and the DSCL have to be face-centred or body-centred respectively. Methods are described for all
three cases to determine explicitly the CSL, the DSCL and the planar density of coincidence sites. A
table is given for R, the CSL’s and the DSCL’s up to X =49. This study is of importance for the investiga-
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tion of grain boundaries in cubic crystals.

Introduction

Coincidence-site lattices are of importance in connex-
ion with the study of grain boundaries. Although grain
boundaries are two-dimensional features it is useful to
investigate three-dimensional configurations of the in-
terpenetrating point lattices numbers 1 and 2 and
later interpret the grain boundary as a two-dimen-
sional section through this configuration. For con-
venience we place the lattices so that they have at least
one point in common, which is called a coincidence
site, and choose that point as origin. If there exist more
coincidence sites, then owing to the periodicity of the
two crystal lattices, there exists a whole coincidence-
site lattice, (CS lattice or CSL). The CSL is the finest
common sublattice of the crystal lattices 1 and 2.

The existence of a CSL indicates that the pattern
formed by the lattice points of both crystal lattices is
periodic with the periodicity of the CSL. Other peri-
odic patterns with the same period but without con-
taining a CSL can be produced by translation of lattice
2 with respect to crystal 1 (Bollmann, 1970).

For the structure of grain boundaries it is of im-
portance that, of all the patterns obtained by transla-
tion, one has the lowest energy, and that crystals tend
to conserve that pattern, which may or may not be
the one with the CSL. Hence, when talking of CSL’s
we have to understand these primarily as periods of
patterns, and the CSL’s are convenient representa-
tions of these periods. '

In addition to the CSL we shall consider the coarsest
lattice that contains crystal lattice 1 and 2 as sublat-
tices. This is called the ‘complete pattern-shift lattice’
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or DSC lattice [D stands for displacement of lattice 2
(lattice 1 is always considered as fixed), S for shift of
the pattern and C for complete]l. The DSC lattice is
composed of all the translations of lattice 2 that leave
the structure of the (periodic) pattern unchanged.

A slight deviation in the relative orientation of the
two crystals away from a coincidence orientation pro-
duces a network of so called ‘secondary dislocations’,
which allow the crystal to conserve the minimum-
energy pattern over most of the boundary surface.
The existence of such networks was shown among
others by Schober & Balluffi (1970, 1971) and Boll-
mann, Michaut & Sainfort (1972). Warrington & Boll-
mann (1972) have shown that secondary dislocation
networks can be calculated by exactly the same proce-
dure as low-angle boundaries, except that the crystal
lattices have to be replaced by DSC lattices and that
the angular deviation of the crystal lattices has to be
replaced by the deviation from the coincidence orienta-
tion. The shortest translation vectors of the DSC lat-
tice are the Burgers vectors of the secondary disloca-
tions.

In this paper, we shall consider only the case that
lattice 1 has cubic symmetry. The reason is that for
cubic symmetry there are a particularly large number
of rotations that lead to a large density of coincidence
sites.

In general, it is expected that a high-angle interface
is favoured energetically if the coincidence sites are
dense in the plane of the interface. One reason for us
to look at the arrangement of coincidence points in
three-dimensional space and not just in a given plane
is that the spatial arrangement for a given rotation
allows us to recognize at once all the planes with a
high density of coincidence sites. This is important be-
cause the interface between two grains may not be
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planar. In the case of a cubic lattice 1, the coincidence
sites form a three-dimensional lattice if they do not
all lie on a straight line. Moreover, the area 4 of a
primitive cell of the sublattice of the CSL in a given
plane can be small only if the volume V of a primitive
cell of the whole CSL is small too. [It can be shown
that aV’ < 4% for a primitive cubic (p.c.) lattice with
lattice constant a.]

We give here a few indications on the historical de-
velopment of the coincidence concept in connexion with
grain boundaries. The coincidence concept was ap-
parently first noted by Friedel (1964) with respect to
twin orientations. A number of theoretical investiga-
tions of the properties of coincidence-site lattices were
subsequently made (Brandon, Ralph, Ranganathan &
Wald, 1964; Ranganathan, 1966; Brandon, 1966; Bish-
op & Chalmers, 1968; Tu, 1971; Pumphrey & Bow-
kett, 1971; Fortes, 1972; Woirgard & de Fouquet,
1972; Santoro & Mighell, 1973). Experimental evi-
dence that a grain boundary in coincidence orientation
can be a local minimum of energy has been given by
Schober & Balluffi (1970, 1971) and by Chaudhari &
Matthews (1970, 1971).

We divide our paper into two parts. Part I uses
elementary number-theoretical methods, which are
convenient for deriving general results about the CS
and DSC lattices. They also permit the explicit calcula-
tion of these lattices.

Part II describes the procedure for calculating the
CSL and the DSCL based on the O-lattice theory by
methods of matrix calculation for the p.c., f.c.c. and
b.c.c. lattices. It also shows the method for calculat-
ing the density of coincidence sites on a given plane.
At the end is given a table which contains the CSL’s
and DSCL’s for values of 2 up to 49.

PART1
1.1 The rotation matrix

We choose a coordinate system with axes parallel to
the edges of a standard cubic unit cell of lattice 1 and
we choose the length of an edge as length unit. Follow-
ing Warrington & Bufalini (1971) we consider rota-
tions that, in our coordinate system, are described by
a matrix R with rational matrix elements. We can write

@y G Gp3
1
R= N Ay 4y axp

Q31 a3z Q33

(1-1)

such that there is no integral factor common to the
positive integer N and the nine integers «;;. Since R
is an orthogonal matrix, we have

3 3
Z ayay=N?;; and z Aym=N?01y , (1-2)
k=1 i=1

where 6;;=1 if i=j, 6,;=0 otherwise. The equations
(1-2) imply @} +a%+a%,=N? for i=1, 2 and 3. a4, +
a},+a% is a number of the form 4n+k;, where # is an
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integer and k; the number of odd integers among a;,,
Qi a3, ie. k;=0, 1, 2, or 3. If N is even, then N? is
a multiple of 4 and N2=4n+k, implies k;=0 for i=
1, 2, and 3. However, according to our convention, N
and the nine numbers a;; cannot all be even. We con-
clude that N is odd.

The angle 6 of the rotation described by the matrix
R is determined by the trace 7 of R

t=N"Ya, +a,+a)=2cos f+1. (1-3)

The rotation axis points in the direction of the vector
c={as—ay,d;3—ds;, a4, — ay,}. The angle of rotation
lies between 0 and 180° and forms a right-hand screw
with respect to c.

1.2 Notation and summary of part I

We shall use A to refer to a lattice. The superscripts
p, [ and b distinguish between primitive cubic (p.c.),
face-centred cubic (f.c.c.), and body-centred cubic
(b.c.c.) lattices; the subscripts 1, 2, C and D distin-
guish between lattice 1, lattice 2, the CSL, and the
DSCL. By ¥ we denote the volume of a primitive cell
of A. Notice that we have chosen a coordinate system
such that V2=1, V{=1%, V=1 By G we denote the
group of translation vectors that leave the lattice A
invariant: by a basis for G we understand a set of three
translation vectors e,, €,, and e; such that each vector
in G can be written as a linear combination with in-
tegral coefficients of e, e,, and e;. The matrix of which
the ith column gives the components of e; will be
called a basis matrix and denoted by [e,, e,, €5].

A central role in our paper is played by the follow-
ing theorem, where N is the denominator introduced
in the expression (1-1) for R.

Theorem 1

2=NV?. (1-4)
The ratio V¢/V; is usually called X in the literature.
The proof that 2= N if lattice 1 is p.c. is given in the
Appendix because it requires mathematical tools that
will not be familiar to every reader. We have written
the Appendix sufficiently self-contained for it to be
read before § 1.3 and the following sections, where
Theorem 1 will be taken for granted. In § 1.3 we shall
show that V.= NV, also if lattice 1 is f.c.c. or b.c.c.,
i.e. Z=N for all three types of cubic lattice. § 1.4 con-
tains the proof that V=N~V in all three cases and
that A2 and A% are reciprocal lattices. In § 1.5 we shall
determine A2 explicitly by giving a basis for this lat-
tice. Once a basis for A% is known, it is easy to find
bases for the other CSL and for the DSC lattices. The
procedures are described in §§ 1.3 and 1.4 as indicated
in Fig. 1.

1.3 The coincidence-site lattice A

ve Ge (i.e. vis a vector in the group G¢) if and only
if ve G, and v € G,. The condition v € G, is equivalent
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to R~'v € G,. Therefore we obtain the result

veG, ifandonlyif veG, and R-vegG,,

which will repeatedly be used in the sequel.

1.3.1 Properties of A%

In this subsection we shall discuss properties of A2
that we shall need to compare A2 with Af and A%

G2 contains vectors with all three components even,
e.g., {0,0,0}. They form a subgroup H of G2. If G2
contains vectors of type {d,e,e}, i.e. with the first com-
ponent odd and the other two components even, then
these vectors form a coset of the subgroup H of G&.
[This can be seen as follows: let u,ve G2, u of type
{d,e,e} thenu—v e Hif and only if vis of type {d, e, e}.]
In this way one finds that there can be at most eight
cosets of the subgroup H of G2, which correspond to
the vectors of type

6 666G )

The number of cosets of the subgroup H of G equals
the number of elements in the factor group G/H, called
ord (G/H). These group-theoretical notions have the
following interpretation in terms of lattices. Let A be
the lattice connected with G. Each coset corresponds
to a sublattice of A with H as the group of its trans-
lation vectors. The sublattices of A connected with
two different cosets are related by a translation;
ord (G/H) equals the number of superimposed sublat-
tices that make up 4.

We have proved ord (G2/H) < 8. Next we shall show
ord (GZ/H) =8, so that we can conclude that G2 in
fact contains elements of all the eight types distin-
guished in (1-5). The volume of a primitive cell of the
lattice determined by H is a multiple of 8 whereas V2
is an odd integer because VZ=N by Theorem 1. It
follows that ord (G2/H) is a multiple of eight.

Consider a basis e,,e,,e; of G2. Every vector in G2
has the form 1,e,+ A,e,+ 1;e;, where the 1,5 are in-
tegers. 1,e;, + 1., + 13¢5 and u,e, + u e, + use; are of the
same type if ;—u; is even for i=1, 2, and 3. Therefore,
the eight vectors we obtain if we let each of the co-
efficients A; take the values 0 or 1, contain representa-
tives of every type of vector that appears in G&. Since
G?E contains vectors of all the eight types enumerated
in (1-5), the eight vectors constructed must all have
different types. The determinant of the basis matrix
[e;,e,,e;] determines V' 2, det {e,, e,, e5]= + N. Three vec-
tors fy, f,, and f; in G2 form a basis of G2 if and only
if there exists a 3x 3 matrix U with integral elements
and determinant + 1 such that [f,,f,,f;]=[e;,e,,e5] . U.

Vectors with integral components will be called of
class k with k being the number of the odd components.
We have to distinguish four classes:
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The class contains the type
0 {e,e, e}
1 {d,e,e}, {e,d,e}, {e,e,d}
2 {e,d,d}, {d,e,d}, {d,d e}
3 {d,d,d} .

v?+v?+02, the square of the length of a vector v of
class k has the form 4n+k, n an integer. Since a rota-
tion leaves the length unchanged, we conclude that
for a vector ve G2, vand R~y belong to the same class.

1.3.2 How big are V£ and V4.?

G?, the group that corresponds to a b.c.c. lattice 1,
consists of G% and of the vectors u with the property
that 2u is a vector in G% of class 3. The length squared
of u has the form n+ %, n an integer, whereas the square
of the length of a vector in G¥ is integral. G{ consists
of G2 and of the vectors v such that 2v is a vector in
G? of class 2. The length squared of v is n+1.

Only f.c.c. lattices will be discussed in detail be-
cause b.c.c. lattices can be treated similarly. Choose in

2 a vector of type {e,d,d}, one of type {d,e,d}, and
one of type {d,d,e} and call them u,, u,, and u; re-
spectively. Let us write u, for the vector {0,0,0}. The
vectors 4uy, i=0,1,2,3 lie in G£. Since G£ is a group,
it follows that every vector v of the form v=41u,+a,
where i=0, 1, 2 or 3 and a € G2, lies in G£. We want
to show that the converse is true, too. Take be G{£.
b—1u, € G{ for i=0,1,2,3. We can choose i such that
the vector c=b—1u, lies in G4. R~!c lies in G{ and
has the same length as c¢. It follows that R~!c e G?,
i.e. ¢ € GZ This finishes the proof that b € G£ has the
form b=2%u,+¢, where i=0, 1, 2, or 3 and ce G&
There are four cosets of the subgroup G2 of G£, each
containing one of the vectors u,. Therefore, V{=4V2
=iNV?=NVI.

Similarly one finds V2=34Vg=NV% We conclude
that Z, the ratio V /¥, satisfies 2= N for all the three
kinds of cubic lattice.

1.3.3 Explicit determination of AL and A%

In § 1.5 it will be shown how to determine explicitly
a basis e;,e,,e; for G2 Here we show how to change
from a basis for G to bases for G& or G£.

b.c.c. One of the eight vectors 1,e; + 1,e,+ 1;e;5, 4,=0
or 1, is of type {d,d,d}. We call this vector u. Since
only the vector of type {e,e,e} has all three ;’s equals
to zero, it is possible to reorder the basis vectors,
€;,€;,e;3—> €,€,,e; such that A, =1. u,e;,e; form a new
basis of G2&. iu,e,,e; are vectors in G2%; they form a
basis of G% because det[{u,e; e;]=1% det [u,e;,e;]=
+3N.

f.c.c. Reorder the basis vectors, e;,e,,e; — €;,€,,€;, SO

that the vector v of type {e,d,d} has A,=1. {v,e;,e;}
form a basis for G& Interchange e, and e;, v,e;,e; —
v,e; ,e;, if this is necessary in order that the vector w
of type {d,e,d} has A,=1. v,w,e; form a basis of G2;
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4v,dw,e;’ are vectors in G¢; they form a basis of G{
because det [4v,iw,e;]= +iN.

1.4 The complete pattern-shift lattice A,

1.4.1 The volume V', of a primitive cell of A,

In this subsection we shall work with a crystal co-
ordinate system of lattice 1; i.e. the coordinate sys-
tem we use will depend on whether lattice 1 is p.c.,
f.c.c. or b.c.c. We shall determine ¥V, simultaneously
for all the three cases. We write the components
{ay,as,a3} of a vector ae G, as a;=n;+a;, where n,
is an integer and O<a;<1 (i=1,2,3). {a;, 00,05} are
called the reduced components of a. V=NV, tells us
that there are N cosets of the subgroup G of G,. Vec-
tors in the same coset have the same reduced com-
ponents; vectors in different cosets have different re-
duced components. Hence, there are N different triples
of reduced components. The group G, consists of all
vectors that have reduced components equal to one
of the N triples. We conclude that V,=N 'V, in all
three cases.

1.4.2 Proof that A% and A% are reciprocal lattices
Let e,, e, and e; be a basis for G2.

e,Xe; e;xe e, xe,

N SN ST TN
form a basis of the group G that corresponds to the
reciprocal lattice Az of A2. Let & denote the set of
all integers. We want to show that G consists of all
vectors f such that the scalar product f.ve & for all
v € G&. We do this by proving the following equivalent
statement: Gy consists of all vectors f with f.e; e &
for i=1,2,3. That f. e, € & if fe Gy is clear because

(1-7)

It remains to show that fe Gpiff. e, e & fori=1,2,3.
But this is true because for any vector f:

f=(f.e)ef +(f.e)e; +(f.es)e] . (1-8)

In order to prove that G is contained in Gp we only
have to show that u.ve & if ue G2 and ve G3. We
can write v=v,+v,, where v,e G?, i=1,2. u.v=
u.vy+u.v, To complete the proof we notice u. v,
€ Z because u,v; € G% and u.v,e & because u,v, €
G3. Since V2. Vr=1, we have Vx=V2%, so G} must
coincide with Gy, which proves that A2 and A5 are
reciprocal lattices.

Notice that the relations (1.6) allow us to determine
a basis for A% once we know a basis e,,e,,e; for 42:
if M:=[e;,e,,e;] then [e],e;,el]=(M")T:=M* (‘:="
stands for ‘is by definition equal to”). M* has the form
N~!B, where B is a matrix with integral elements.
Since det M*= + N~! we have det B= + N2.

ef = e; = ey =

(1-6)

ei . e;=5u .

1.4.3 The lattices A} -and A3

Let G be the smallest- group that contains
u:={0,4,4} ur={3,0,1}, u;:={4,4,0}; and G%. Ob-
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viously, G is contained in G§. There are four cosets of
the subgroup G § of G, each containing one of the vec-
tors u;, i=0,1,2,3, where u,={0,0,0}. Since G and G,
both determine lattices the volume of a primitive cell
of which is 1. V3, it follows that G=G?3.

Similarly one shows that GY is the smallest group
containing u:={4,4,4} and G§.

If f,,f,,f; form a basis for G} then Nf,, Nf,, Nf; are
vectors with integral components that span a volume
N2 Since N?is odd we can conclude, similarly as in
§ 1.3.1, that all the eight types (1-5) are represented
among the eight vectors N(4,f, + 1,f, + 4;f;), ;=0 or 1.
The procedure described in § 1.3.3 allows us to go
over from the basis f,,f,,f;

(1) to a basis u,f;,f; such that Nu has type {d,d,d}.
3u,f,,f; is a basis for G%;

(2) to a basis v, w, f;" such that Nv has type {e,d,d}
and Nw type {d,e,d}. 1v,iw 1,  is a basis for G},.

1.5 An algorithm to determine A2

We denote the largest common (integral) divisor of
integers a,, . . .,a, by (a,,...,a,). Define o,:=(a,;,4a,,,
N), ay:=(ay,a,,, N), where the a;; are the matrix ele-
ments of N. R. Lemma 2 in the Appendix states that
(0ty,0,)=1. Let m, be the largest (integral) factor of N
such that (my,«,)=1. Define m,= N/m,. It follows that
(my,m,)=(m,,a,)=1. Define d,:=(m,a,;) and d,:=
(m,, a,y). Notice that (8;,a,,) =(J,,a5,)=1.

Let a=b state that a—b is an (integral) multiple of

n. In the Appendix we prove the following result: if v
is a vector with integral components then Rv lies in
GZif and only if

01851+ 0,01, +030,3=0
m

and (1-9)

0145, + 12Y15%) + V33 = 0.

mz

This result allows us to determine explicitly a basis
Rx, Ry, Rz of G2 such that x,y,z has the form

Xy M 2y
0 Y2 4
0 0 1 .

R

1.4

P —- ]
Ac reciprocity AD
13 centring 13
f b [ b
Ac A¢ A§ Ag

Fig.1. The explicit calculation of the CS and DSC lattices.
(The numbers refer to the sections of Part I where the pro-
cedure is described.)
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First we shall describe an algorithm that yields values
for x,,y1,¥2,21,2, and afterwards we shall show that
the vectors x, y and z so determined satisfy (1-9). Define
yii=my[d; and y,:=m,/5,. By x < ax+b=0 we define

m
X to be the smallest non-negative solution of the con-

gruence ax+b=0,
m

_ N
=500,
Y2=010,

=n1+ i,
where

Ny <= Mayu+3:01,=0, 1< (1 +y11,)a5 + Y2, =0
m

1 mz
zy={1+0,(,,
where
<~ C1012+013550 y L« (& +51C2)azz+0235§0
1 2
zy=¢14+9:6,, (1-10)

where

&1 < &ay+z,a,+ a3 =0,
m

&2« (&1 +7:180)as + 2,055+ a3 =0
ma
A basic theorem of number theory is:* the con-

gruence ax+b=0 has no integral solution x if b is not
m

a multiple of g:=(a,m); if b is a multiple of g, the con-
gruence has exactly one integral solution that satisfies
0<x<m/fg. This theorem shows that #;, {;, and &,
i=1, 2 exist and satisfy

OSCE<61' s

i, & and ¢&; can be found by hand or computer by
trying consecutively for the unknown number the val-
ues 0,1,2, ... until a solution has been found. The con-
gruences (1-10) ensure that x, y and z satisfy (1-9). It
follows that the vectors Rx, Ry and Rz lie in GZ. They
form a basis because det[Rx,Ry,Rz]=det [x,y,z]=
Xy .Y,. 1=N.

If (a3, N)=1, which is fulfilled in the majority of
examples in Table 1, our algorithm simplifies con-
siderably:

Ogﬂi<y,~, and Oséi<yi'

x1=N
n=I1, Y1<—J’1au+auﬁ0
z,=0, 2z, <« z,0,,+a;3=0.

. N

We give an example:

12 -3 4

R=%&1 4 12 -3

-3 4 12

* Cf., eg., p.'ll of Dickson (1957).

201
=10« 12y, -3=0, z;=4<« 12z,+4=0.
13 13

A basis B for G2 is therefore given by

12 =3 4 /13 10 4 12 9 4
B=4#{ 4 12 -3 0 1 O)j=} 4 4 1
-3 4 12 0 0 1 -3 -2 0/.

Table 1 gives for our example the basis matrix B . U,
where
/=1 =2 1
U=( 12 —2)
I 1 2/ .

Notice that B and B . U determine the same lattice be-
cause U has integral elements and determinant 1.

PART II
2.1 Introduction to Part 11

While the terms of group theory and number theory
are more appropriate for proofs of the essential math-
ematical relations, the methods of matrix calculations
are often more convenient for the numerical proce-
dures, especially in connexion with calculations on
grain-boundary structures by means of a computer.

In § 2.2 the O-lattice method for determining the lat-
tices 42, A% and Af in either orthonormal coordinates
of A% or in the crystal coordinates of A% and A7{ is
developed. § 2.3 describes the corresponding lattices
A}, A% and A and their relation to the CSL’s. In
§ 2.4 the body and face centring of A% and A2 is ex-
plained. § 2.5 gives a method to determine the planar
density of coincidence sites and § 2.6 gives a comment
on Table I. The numerical data in the Table have been
calculated by the O-lattice method on a time-sharing
computer IBM/370.

2.2 0-Lattice method for calculating the CSL’s .
AZ, AL, and Af

Since the O-lattice is defined as the lattice of all the
coincidences of ‘equivalent’ positions (positions with
the same coordinates within the interpenetrating unit
cells), the CSL which consists of the coincidences of
lattice points is contained-as a sublattice in every 0-lat-
tice for a given relative orientation of the two crystal
lattices. Hence we can calculate a convenient O-lattice
and compose the unit cell of the CSL from 0-lattice
unit cells.

The method for calculating the O-lattice is given in
detail by Bollmann (1970). First, a point-to-point rela-
tion between the two lattices has to be formulated.

X =AxD, (2-1)
By the choice of the transformation A the ‘equivalence’
of points is defined. The O-lattice is given by the solu-
tion of the equation:

(I—-A-Hx@: =Tx©O =pm; (2-2)
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I=identity, unit transformation;

b‘D) are lattice vectors of the b-lattice which is composed
of all the translation vectors of lattice 1 and which
is in structure and orientation identical with lattice
1 but has another meaning. Equation (2-2) can be
understood as an imaging relation between the
b-lattice and the interpenetrating crystal lattices.

In all the numerical procedures the following points
have to be stated beforehand:

1. The crystal lattice to be studied [primitive cubic
(p.c.), body-centred cubic (b.c.c.) or face-centred cubic
(f.c.c.)l

2. The coordinate system in which the results are to
be represented, the orthonormal system of the p.c. unit
of crystal 1, or a crystal coordinate system of the b.c.c.
or f.c.c. structure (e.g. rhombohedral for f.c.c.).

We describe the procedure in crystal coordinates
marked by (") which also includes the p.c. case in its
‘crystal coordinate system’. The advantage of the crys-
tal coordinate system is that the matrix C’, which con-
tains the unit vectors of the CSL as column vectors,
always consists of integral coefficients. The following
expressions have to be calculated:

A—A-1):=T'=(I-US-'R-S)  (2-3)
det ()= & (2-4)
X'® -1, (2-5)

Transformed to orthonormal coordinates (e.g. for plot-
ting the results):
X©=8T'-!: (2-6)

R is the rotation matrix of the coincidence orienta-
tion under investigation expressed in ‘the ortho-
normal coordinate system of a p.c. lattice 1 [equa-
tion (1-1)].

S s the structure matrix which contains as column
vectors the unit vectors of the crystal coordinate
system expressed in the orthonormal coordinates
of the p.c. lattice 1. In the p.c. structure S=I
(I=identity = unit matrix).

n is an integral number, which indicates the number
of 0-lattice units per CSL unit.

X®© is represented here as a matrix, the three column
vectors of which are the unit vectors of the 0-lat-
tice. This is possible if rank (T)=3, in which case
the O-lattice is a point lattice.

According to Theorem 1, the value of X is equal to
the number A in the rotation matrix.

U is a unimodular transformation which is needed in
order to obtain det (T") £ 0. A unimodular transfor-
mation has the property det (U)= +1 and in our
case has integral coefficients. It redefines the units
of the coordinate system usually by a shear trans-
formation with a component in the direction of the
axis of rotation, and so images lattice 1 onto itself.

U is needed for the following reason: if the relation
A between the two crystal lattices is given by the rota-
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tion R alone, then rank (T')=2 and the 0-lattice be-
comes a line-lattice. Hence the coincidence sites lie on
parallel lines and a basis of the CSL has to be found
from these points. This task becomes easier if the
O-lattice is a point lattice, i.e. if rank (T")=3 and this
is achieved by a convenient choice of U.

The next step is the determination of a basis matrix
C’ for the CSL from X' (C’=CSL-matrix in crystal
coordinates). As already mentioned, the coefficients
of C are integers. C’ is determined in two steps: first
by operating on the columns of X'@ such that its
determinant (= Z/n) remains unchanged* and that two
columns become integers and then, in the second step,
the remaining column can be multiplied by » whereby
the determinant becomes 2.1 The column vectors of
the matrix thus determined C’ are a basis of the CSL
in crystal coordinates.

By further operating on the column vectors of C’
the unit cell of the CSL can be reshaped such that its
form is most cube-like and so its vectors acquire the
shortest length. The CP matrices in the Table (CSL
column) are reshaped such that the first unit vector
has a component in the direction of the axis of rota-
tion and in most cases lies in this axis, and the two
other unit vectors are, as far as possible, perpendicular
to it. The sequence of unit vectors is always chosen
right-handed, i.e. the determinant of C? is positive.

It is to be mentioned that by the O-lattice method
the matrices C? and C/ can be determined directly with-
out passing through CP.

2.2.1 Example for the calculation of the matrix CP
Data from Table 1

2=13 ([111]-axis 8=27-79°), p.c. lattice

12 -3 4
R=1—13( 4 12 —3)
-3 4 12).

R-!=RT7 as R is an orthogonal transformation.

Chosen U:
1 0 1
U= (O 1 0)
o1 1/.

\

* The determinant of a matrix (i.e. the volume given by the
three column vectors) is conserved if multiples of other
column vectors are added to a column vector. The determinant
changes its sign (change from right-hand to left-hand system)
if one column vector changes its sign or if the sequence of two
column vectors is inverted. The determinant increases by a
factor n if one column vector is multiplied by n. All these
operations correspond geometrically to new choices of unit
cells within a lattice,

With respect to the value of the determinant, the same
operations could be carried out with row vectors, the structure
of the lattice, however, would then be changed.

t It may be that » [from det (T")=n/X] can be expressed as
a product of several factors. In this case X may be such that
different column vectors have to be multiplied by different
factors in order to obtain a unit cell of the CSL (with integer
coefficients and the determinant X').
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For the centred lattices S can be chosen:

R RS I
s'=[1 1 0| and $/={0 1 %
AL 3 0 %
-3 -1 =
a1
-1 -9 -3

3
0

-3
X — ( % )

-1

_g)
0/ .

Since n=2 this O-lattice unit is half a CSL unit. In
order to obtain a complete CSL unit we add the third
column to the first and then double the third column.

-1 1
Cr=| -1 —
—1 0/ .
This form can be reshaped to the form given in
Table 1.

3
0
-1

3.3 Determination of the DSC lattice

As shown in § 1.4.2 the DSCL for the p.c. structure is
the reciprocal lattice of the CSL. D? matrix with the unit
vectors of the DSCL as column vectors can be deter-
mined by

Dr=[(C?)~1]", (2-7)
T=transpose.
There is also a direct method for determining D?, D?
and D’ described by Warrington & Bollmann (1972).
(In that paper the D-matrix is called D@~59),)

2.4 Body centring and face centring

Since in Table 1 only the C? and X . D? matrices are
given we describe here the transformation to the C?,
Db and C/, D/ matrices. As was shown in § 1.3.1
there are four classes of column vectors of the matrices
C? and X'. D? with respect to the number of odd and
even components. A vector of class 0 halved leads to
lattice points of A% (integer coordinates), one of class 1
halved leads to centres of cube edges, one of class 2
to face centres, and a vector of class 3 to body centres.
Hence, for face centring two columns of class 2
have to be halved and for body centring one column
of class 3. The form in which the matrices are given in
Table 1 does not always contain the needed class of
columns. Hence, such columns have to be made of
combinations of columns in the matrix, which leave
the determinant unchanged, and then the correspond-
ing new columns have to be halved. This can be done

by constructing a matrix Z° or Z such that
Ct=Crz?

(C=CrZ7) (2-8)
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and correspondingly
2.D'=X.D°Z° (X.D'=X.D’Z%). (2-9)

The Z matrices depend on the odd—even structure of
the attributed C or 2 . D matrices.

We show the procedure on the example X =13 rota-
tion around the [111] axis by 27-79°

1 -2 2 5 -3 1
c=(1 1 -2| z.p= (6 —1 —4)
12 1 2 4 3

The odd-even structures are

d e e d d d\*
Cr=1ld d e|] X.D=|e d e
d e d e e d

For body centring C we have to halve the first column
and leave the two other columns unchanged. Hence

Z? here becomes
10 0
- (0 1 0)
00 1,

The determinant of Z” has to be 4, as the volume of
the CP unit cell is halved by body centring. For the
face centring of CP, first two columns with two odd
components have to be produced before they can be
halved. This can be done in the following way,

13 %
zg:(o&o)
0 4.

00 %

The columns of Z{ show that the first column of C*
equals the first column of C?, the second column of C*
is the first and the second column of C? added and
halved, and correspondingly the third column. The
determinant of Z* has to be % since by face centring
the volume of C? is divided by 4. The corresponding Z
matrices for X . D are:

1 0 0 100
z';,=( 10) and zg:(o%o)
0 1 0 0

Nops o=
N

To summarize the construction of the Z matrix, the
ith column in the Z matrix refers to the ith column
of the new, centred matrix, and the coefficients in that
column, in their respective row positions, refer to the
columns of the old, non-centred matrix, which have
to be multiplied by these coefficients and added in
order to obtain the new column.

* The calculation rules of the odd—even algebra obviously
are:

o+
o
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The centred matrices then become

-2 2 1
1 -2 C'={1
2 1 1

-3 1 5 —
—1 -4) D/ =1 (6 -
4 3 2

@)
S
|
B D= b=
— R N

|
)

The thus-centred unit cells are still represented in the
orthonormal coordinate system of A7.

|
o N o=

<
I
o
e

RO b= Njw

NI N Nk = N
)

2.5 Planar density of coincidence sites

For the study of grain boundaries it is of importance
to know the density of coincidence sites within the
‘boundary surface, as only the density in this surface
may have physical significance, in contrast to the den-
sity in space. We calculate the planar density assum-
ing that a curved or faceted surface can be composed
of planar parts.

Suppose the indices of a plane (h,*"®) are given in
the cubic system and we need to know the ratios:
number of atomic sites per coincidence site and num-
ber of coincidences sites per unit surface. The crystal
may have a p.c., b.c.c. or f.c.c. lattice. It is convenient
for this purpose to express the vector h,*® in the co-
ordinate system of the reciprocal coincidence-site lat-
tice as well as in the reciprocal crystal system. The
" length of a vector in a reciprocal lattice [with no com-
mon factor of its (integer) coordinates] is the inverse
of the layer spacing of the corresponding crystal lattice
planes and CSL planes respectively. The volume per
lattice point is given by the volume of the unit cell
(determinant of matrices S or C). From here the sur-
face per lattice point in the chosen boundary plane is
determined. The coordinate transformations needed
are shown in Fig. 2.

The procedure is the following:

The vector h®"? is transformed into the coordinate
system of the reciprocal CSL (r. CSL)

h(r-CSL) — CTh(cud (2-10)
and correspondingly to the reciprocal crystal system
(r . crst) (e.g. rhombohedral for f.c.c.).

. h(r.crst) =STh(cub). (2_1 1)
In general the resulting representations h¢-“L and
h¢-esY do not have integer coordinates. Hence they
have to be multiplied by a factor such that their coor-
dinates become integers with no common factor. The
thus-corrected h vectors will be marked by a prime.
The corresponding layer spacing in the CSL and in
the crystal then is:

1 1

d(CSL) — (crst) _
- Ih'(r.CSL)I

Ih'(r cré_i)l (2- l 2)
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The length of the vector h’ is given by means of the
metric tensor G by:

|h'@| = [(h'@)T GWh'@]1/2 (2-13)
with («) either (. CSL) or (r. crst) and

GO = (CTC)~1=C-{(CT)~! (2-14)
and

Greerst = (STS) "1 =8~ }(ST)~ L. (2-15)

The volume per coincidence site is given by the layer
spacing d of the CSL times the surface f per coincidence
site:

1
d.f= ++ . f=v. (2-16)
b’
A similar formula applies to the density of lattice sites.
Since the volume v equals |C|, the determinant of C,
or |S| respectively, the ratio (in the plane h) of the num-
ber of crystal-lattice points per coincidence site is
given by
n(crst) ‘C' . |h'(r.CSL)|

ncsh 1S].

|h'(r.crst)l_ (2-17

and the number of coincidence sites per unit surface
(A%
1

n(CsL) A-y=
( ) a.|C|. Ihr(r.csul

(2-18)

with a the lattice constant of the cubic system in A.

The ratio n°™Y /(S can acquire the value 2 or one
of its factors down to the value 1.

As an example it can be shown that the 2'=3 case,
the (111) plane, is greatly preferred in the f.c.c. struc-
ture (twin boundary) as there n®™Y/nSL=1 and
n©b)ja?=2-31/a%.

2.6 Comment on Table 1

The columns of Table 1 give the following informa-
tion:

1. X value, axis of rotation, angle of rotation.

2. X times the rotation matrix.

3. Matrix that determines the coincidence site lat-
tice A2 (column vectors are the unit vectors of the
CSL).

‘ (erst) o STS
T
cT(s)T

Gicsti=¢Tg

Fig.2. Representation of the coordinate transformations
needed for the determination of the planar density of coin-
cidence sites.
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4. Matrix that determines X times the DSC lattice

A%,
5. A number that gives the Bravais class of A2 and

Table 1. Coincident-site lattices -

The explanation of the Table is given in § 2.6.
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A% according to the following list:

number  Bravais class of A2 and A5

hexagonal
rhombohedral
tetragonal P
orthorhombic P
orthorhombic C
monoclinic P
monoclifiic C.

NN b W —

Because the symmetry elements are present in both lat-
tices (24 rotations if mirror imaging is excluded) many
congruent CSL’s can be produced by rotations around
different axes with different angles 6. The rotation
matrices with axes within the standard stereographic
triangle ([100], [110], [111]) up to Z=25 are given by
Warringten & Bufalini (1971). Before that, Pumphrey
& Bowkett (1971) gave a list containing the axis of
rotation, the rotation angle and the X value up to
2'=19. For a given X value there may exist several dif-
ferent structures of the CSL (and DSCL) correspond-
ing to different solutions of equations (1-2). For every
possible structure of the CSL and DSCL* Table 1
shows the rotation with lowest @ (disorientation) and
the axis in the standard triangle. Every CSL and DSCL
is represented by the most cube-like right-handed unit
cell such that the first column vector has a.component
in the direction of the rotation axis and the other two
vectors are as far as possible perpendicular to that axis.

The Bravais class of A2 has been determined by a
method described by Mighell, Santoro & Donnay in
International Tables for X-ray Crystallography (1969).
Once the Bravais class of A2 is known, we also know
the Bravais class of 45 because it is known [Cf,, e.g.,
p. 13 of International Tables for X-ray Crystallography
(1969)] that reciprocal lattices belong to the same Bra-
vais class unless one lattice is f.c.c. or face-centred
orthorhombic, in which cases the other is b.c.c. or
body-centred orthorhombic.

We make the following observations: up to =49
there exists a A% (and A5) that has:

(1) (at least) tetragonal symmetry if and only if
Z=m’+n* where m and n are integers without a com-
mon divisor. The symmetry is even cubic if and only
if Z=1.

(2) (at least) rhombohedral symmetry if and only if
Z=m?+mn+n*, where m and n are integers without
a common divisor. The symmetry is even hexagonal if
and only if 2 is a multiple of 3.

APPENDIX

The aim of this Appendix is to prove V&= NV ¢, where
Vi and V¢ are the volumes of primitive cells of a p.c.

* Ishida & McLean (1972) determined the Burgers vectors
of boundary dislocations for the b.c.c. and f.c.c. lattices up to
2'=19. Unfortunately their derivation and data contain
several errors. Acton & Bevis (1971) listed CSL matrices for
the primitive cubic lattices up to X=31.
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lattice 1 and of the CSL obtained from it by a rota-
tion matrix with denominator N. The proof makes use
of three lemmas of a number-theoretical nature. The
following notation has been found convenient for stat-
ing and proving these lemmas. & stands for the set of
all integers, &3 for the set of all vectors that have all
three components integral in the orthonormal crystal
coordinate system of A?. We denote the largest com-
mon divisor of integers a,, . ..,a, by (a,, ..., a,). a=b

n
states that a—b is an (integral) multiple of n. We write
A for the vector {4;,4,, 45}, A . B for the scalar pro-
duct and A xB for the vector product of A and B:

A . B=AlBl+Asz+A3B3
AxB={AzB3_A3B2,A3B1_AlBS,AlBZ_AzBl} .

1, stands for the ith row of the rotation matrix R and
a, = Nl'i.

Lemma 1. N divides every component of a, X a3, a; X a,,
and a, X a,

Proof: Because r;, r, and r; define a right-handed or-
thonormal coordinate system, we have r; xr,=r; and
a,; X a,=Na;. Since a; has integral components, the
components of a, xa, must be divisible by N. The
lemma follows if we take into account that the above
argument can be repeated with 1,2,3 cyclically per-
muted.

Deﬁne o= (alls aya, N), ﬂ: = (azv (27N N),

Lemma 2. 6=1
Proof: at;=N?*—a?, —a},=0 shows that the integer a3
«2

8:=(a,B).

is an integral multiple of «. Similarly one shows that
a3 is a multiple of 8. From a2,=N?—a?,—a%,=0 for
52

i=1,2,3 it follows that ay;, i=1,2,3 are multiples of J.
Therefore N and the nine matrix elements g;; have a
common divisor J, whence d=1.

Lemma 3. If Ay, A,, A3, me Z, (Al,Az,m)—l * then the
solutions x e Z3 of A. x—O are given by x Axy,

yeZ3 [ie. xeZ3is a solutlon if and only 1f there
exists y € 23 such that each component of x differs
from the corresponding component of Axy by a
multiple of m).

Proof: (1) Assume ye &° = A . x= A (Axy)=0,ie.
A. x-O

2 Assume x € &3 satisfies A . x=0. Let 7, be the

largest divisor of m such that (m,4,)=1 and put
m,:=m/m,. Notice that (m,, m,)=(m,, A,)=1. There
exist integers Ty, T, such that 714,=1 and T,4,=1.

mp mz

* Lemma 3 remains true if we replace (A4,,4,,m)=1 by the
weaker condition (A4, A4;, A;,m)=1. However, we do not need
this more general result,

COINCIDENCE-SITE LATTICES

A classical result of number theory, called the Chinese
remainder theorem (see, e.g., Dickson, 1957), states
that there exist integers y,,y,, Vs satisfying the follow-
ing requirements and that these integers are deter-
mined uniquely up to integral multiples of m:

=0 #=Tixs  ys=—Tix,
” mi i
n=—Tx; y.=0 Ys=Toxy .
my m2 e
Therefore,
x =T A =Ti(— Ayx,— Asxs) l
m my
flAzyy—Asyz => X, =A,y3—A43), .
X =T A = Ays=A)3— 430,
my mz m2

Ayy; and x3=4,y,—

”

Similarly, we show x,=A3y,—
Ay, which ends the proof.

Theorem 1. VE=NV?

Proof: VE/V2=ord (G3/GE), i.e. we have to determine
ord (G}/G®), the number of elements in the factor
group G%/G2.

Let m be the largest divisor of N such that (m,0)=1
and put n:=N/m. It follows that (m,n)=1 and, by
Lemma 2, that (n,f)=1. The definition of the CSL
implies: Rve G2 if and only if ve 23 and Rve 23,
Consider v e &3, we conclude:

Rve G2 <>ve Z? and a;.v=0 for i=1,2,3 <

N
ve £ and a;.v=0, a;. v=0 for i=1,2,3 (< stands
for ‘if and only if”).
Since (ayy,ay,,m)=(m,a) =1, there exists A € &> such
that A . al_l We conclude: if G,, denotes the group

of the x € &“’3 that satisfy x . a, _0 then ord (G?/G,,)=
m. Take x € G,.:

X.a,=(a;xy).a,=(a;xa).y=0.

(In the first step, we have used Lemma 3 and in the
last Lemma 1.) Analogously we prove x . a;=0.

m
In the same way one shows that the x € 23 satis-
fying x . a,=0 form a group G, with ord (G?/G,)=n
n

and that x.a;=x.a;=0 for xe G,. We conclude:

n n
Rve G2 < ve G, and ve G, The vectors v satisfy-
ingve G, and v € G, form a group G, which is iso-
morphic with G2. ord (G%/G)=m . n because (m,n)=1.
Therefore ord (G§/G&=m .n=N.

This Appendix has largely profited from discussions
with Dr M. Ojanguren.
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Instrumental Widths and Intensities in Neutron Crystal Diffractometry

By B. GRABCEV

Institute for Atomic Physics, Bucharest, P.O. Box 35, Romania
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The amplitude and the shape of the quasielastic resolution function of a neutron two-axis spectrometer
are calculated in the Gaussian approximation. Special attention is given to the explicitness of the for-
mulae as well as to their absolute correctness, avoiding any unknown proportionality factors. The
results are applied to the analysis of the elastic scattering of neutrons in crystals.

1. Introduction

In an experiment to analyse the angular distribution of
scattered neutrons, carried out with a crystal diffrac-
tometer (two-axis spectrometer), the finite collimations,
the monochromator mosaic structure and the beam-
path configuration influence both the counting rate
and the experimental line width. This influence should
be quantitatively described by an instrumental func-
tion, the so-called resolution function.

The knowledge of the resolution function makes
possible the choice of advantageous experimental
conditions as well as the correct interpretation of
experimental data. That is why great attention has been
paid to the problem of determining the dependence of
the diffractometer resolution function on all experi-
mental factors.

The early papers in which resolution effects were
considered deal with elastic-scattering experiments,
their principal aim being the calculation of Bragg peak
width and relative intensities for some usual experi-

]
mental methods (Caglioti, Paoletti & Ricci, 1958
1960; Caglioti & Ricci, 1962; Sailor, Foote, Landon &
Wood, 1956; Willis, 1960).

In a more general treatment, Cooper & Nathans
(1968a) have shown, also for elastic experiments, that
the counting rate is given by the convolution, in the
space of wave-vector transfers Q (Q=k;—k;), of the
scattering cross section with the resolution function

1(Qy) =S s(QR(Q)Q .

Q, is the nominal setting of the instrument as defined
by the most probable wave vectors k; and kg. In the
Gaussian approximation, assuming that both the
transmission functions of collimators and the reflec-
tivity of the monochromator crystal are Gaussian-like
functions, the elastic resolution function of the dif-
fractometer can be written

3
R(Qo+X)=R, exp {—1% 12_ M XX} (1)

i 1



